This paper concerns the fourth-order three-point boundary value problem (BVP)
Introduction
Fourth-order differential equations arise from a variety of different areas of applied mathematics, physics, engineering, material mechanics, fluid mechanics and so on [1, 2] . Many authors studied the existence of positive solutions for fourth-order m-point boundary value problems using different methods see [3] - [6] and the references therein.
In recent years, the existence and multiplicity of positive solutions of the boundary value problems with sign-changing Green's function has received much attention from many authors; see [7, 8, 9, 10, 11, 12, 13, 14] .
In [15] Li, Sun and Kong considered the following BVP with an indefinitely signed Green's function u (t) = a (t) f (t, u (t)) = 0, t ∈ (0, 1) , u (0) = 0, u (1) = αu (η) , u (η) = 0, where α ∈ [0, 2) , η ∈ √ 121+24α 3(4+α) , 1 . By means of the Guo-Krasnoselskii's fixed point theorem, existence results of positive solutions were obtained.
In [16] Xie et al. discuss the existence of triple positive solutions for the BVP u (t) = f (t, u (t)) = 0, t ∈ (0, 1) ,
The main tool used is the fixed point theorem due to Avery and Peterson. It is to be observed that there are other types of works on sign-changing Green's functions which prove the existence of sign-changing solutions, positive in some cases; see the papers [17] - [21] .
Inspired and motivated by the works mentioned above, in this paper we will study the following nonlinear fourth-order three-point BVP with sign-changing Green's function
, α ∈ [0, 1) and η ∈ 2α+10 15−2α , 1 . By imposing suitable conditions on f , we obtain the existence of at least two positive and decreasing solutions for the BVP (1.1).
To end this section, we state some fundamental definitions and the two-fixed-point theorem due to Avery and Henderson [22] .
Let K be a cone in a real Banach space E. (2) ω (Tu) < bc f or all u ∈ ∂ K (ω, b) ;
(3) K (ψ, a) = / 0 and ψ (Tu) > a f or all u ∈ ∂ K (ψ, a) .
Then T has at least two fixed points u 1 and u 2 in K (γ, c) such that
Preliminaries and lemmas
Let Banach space E = C [0, 1] be equipped with the norm u = max t∈[0,1] |u (t)|.
For the BVP
we have the following lemma.
Lemma 2.1. The BVP (2.1) has only a trivial solution.
Proof. It is simple to check.
Now, for any y ∈ E, we consider the BVP
After a direct computation, one may obtain the expression of Green's function of the BVP (2.2) as follows:
Remark 2.2. G (t, s) has the following properties:
and for s < η,
Then K 0 is a cone in E.
Since y ∈ K 0 and η ≥ 2α+10 15−2α implies that η > 3α 4+2α , we get
At the same time, y ∈ K 0 and η ≥ 2α+10 15−2α > 1 2 shows that
For t ∈ [η, 1), we have
In view of y ∈ K 0 and η > 1 2 , we get
Obviously, u (4) 
This shows that u is a solution of the BVP (2.2). The uniquess follows immediately from Lemma 2.1. Since u (t) ≤ 0 for t ∈ [0, 1] and u (1) = 0, we have 
At the same time, it follows from u ∈ K 0 that u = u (0) which
Therefore,
Main results
In what follows, we assume that f satisfies the following two conditions:
(C1) For each u ∈ [0, +∞), the mapping t −→ f (t, u) is decreasing;
(C2) For each t ∈ [0, 1], the mapping u −→ f (t, u) is increasing.
Then it is easy to see that K is a cone in E. Now, we define an operator T as follows:
First, it is obvious that if u is a fixed point of T in K, then u is a nonnegative and decreasing solution of the BVP (1.1). Next, by Lemmas 2.3 and 2.4, we know that T : K → K. Furthermore, although G (t, s) is not continuous, it follows from known textbook results, for example, see [23] , that T : K → K is completely continuous. For convenience, we denote
Theorem 3.1. Assume that (C1) and (C2) hold. Moreover, suppose that there exist numbers a, b and c with 0
Then the BVP (1.1) has at least two positive and decreasing solutions.
Proof. First, we define the increasing, nonnegative, and continuous functionals γ, ω and ψ on K as follows:
Obviously, for any u ∈ K, γ (u) = ω (u) ≤ ψ (u). At the same time, for each u ∈ K, in view of γ (u) = min t∈[0,τ] u (t) ≥ τ * u , we have
Furthermore, we also note that
Next, for any u ∈ K, we claim that In fact, it follows from (C1), (C2), and η ≥ 2α+10
Now, we assert that γ (Tu) > c for all u ∈ ∂ K (γ, c). To prove this, let u ∈ ∂ K (γ, c); that is, u ∈ K and γ (u) = u (τ) = c. Then Then, we assert that ω (Tu) < b for all u ∈ ∂ K (ω, b). To see this, suppose that Finally, we assert that K (ψ, a) = / 0 and ψ (Tu) > a for all u ∈ ∂ K (ψ, a). In fact, the constant function a 2 ∈ K (ψ, a). Moreover, for u ∈ ∂ K (ψ, a), that is u ∈ K and ψ (u) = u (0) = a. Then
Since (Tu) (t) is decreasing on [0, 1], it follows from (3.3), (3.4), (3.7), (C1) and (C2) that
To sum up, all the hypotheses of Theorem 1.3 are satisfied. Hence, T has at least two fixed points u 1 and u 2 ; that is, the BVP (1.1) has at least two positive and decreasing solutions u 1 and u 2 satisfying 
An example
Consider the BVP Thus, if we let a = 80, b = 98.7 and c = 300, then it is easy to verify that all the conditions of Theorem 3.1. are satisfied. So, it follows from Theorem 3.1 that the BVP (4.1) has at least two positive and decreasing solutions.
